LINEAR ORDERINGS AND POWERS OF CHARACTERIZABLE 

CARDINALS 



lOANNIS SOULDATOS 

Abstract. The current paper answers an open question of [5]. 

We say that a countable model M characterizes an infinite cardinal k, if the 
Scott sentence of JV[ has a model in cardinality k, but no models in cardinality 

. If M is linearly ordered by <, we will say that the linear ordering {M, <) 
characterizes k, or that k is characterizable by {M, <). 

Prom [2] we can deduce that if k is characterizable, then k+ is characteri- 
zable by a linear ordering (see theorem 12.41 corollarv l2.5ll . From [5] we know 
that if K is characterizable by a dense linear ordering, then 2" is characterizable 
(see theorem l2.7|l . 

We show that if k is homogeneously characterizable (cf . definition 12.211 , 
then K is characterizable by a dense linear ordering, while the converse fails 
(theorem [231. 

The main theorems are: 1) If re > 2^ is a characterizable cardinal, A is 
characterizable by a dense linear ordering and A is the least cardinal such that 
re^ > re, then re^ is also characterizable (theorem I5.4|l . 2) if )Xa and re^" are 
characterizable cardinals, then the same is true for n^^+f^ , for all countable /3 
(theorem 15.51 1 . 

Combining these two theorems we get that if re > 2^° is a characterizable 
cardinal, is characterizable by a dense linear ordering and Kq- is the least 
cardinal such that ft^° > re, then for all /3 < a+uji is characterizable (the- 
orem [STTJ. Also if ft is a characterizable cardinal, then re**" is characterizable, 
for all countable a (corollarv l5.6| l. 



1. Structure of the paper 

Throughout the whole paper we work with countable languages C and when we 
refer to a dense linear ordering we mean a dense linear ordering without endpoints. 
The first two sections provide some background material for the characterizable 
cardinals and for the dense linear orderings respectively. Section |4] contains the 
construction that proves the following 

Theorem 1.1. If k is a characterizable cardinal, then is also a characterizable 
cardinal. 

This appears as theorem 14.181 in section U and it will be easily generalized to 
A > Hi in the last section. 



2. Characterizable cardinals 
This section provides the necessary background on characterizable cardinals. 
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df 2.1. We say that a C,^-^^uj sentence <j) characterizes Kq, or that Hq is charac- 
terizable, if (j) has models in cardinality Hq, hut not in cardinality Hq+i. If (p is 
the Scott sentence of a countable model M. (or (p is any complete sentence), we say 
that A4 completely characterizes Nq, or that is completely characterizable by 
Ai. If < is a linear ordering on A4 and Ai characterizes Hq,, we say that Hq, is 
characterizable by the linear ordering {A4, <). If < is a linear ordering on a subset 
of M., then we will say that {M, <) characterizes Hq,, if (j) characterizes Hq, and 4> 
has a model Af where is of size Hq, . 

We denote by C'Hujx,u}, the set of all completely characterizable cardinals. 

For now on, we consider only completely characterizable cardinals, and we will 
refer to them as just characterizable cardinals. 

df 2.2. If P is a unary predicate symbol, we say that it is completely homogeneous 
for the C- structure A, if = {a\A ^ -P(a)} is infinite and every permutation of 
it extends to an automorphism of A. 

If K is a cardinal, we will say that n is homogeneously characterizable by (0^, Pk), 
if'pK is 0, complete C^-^^^^- sentence, a unary predicate in the language of (p^^ such 
that 

• (pK doesn't have models of power > k, 

• if Ai is the (unique) countable model of (p^, then P„ is infinite and com- 
pletely homogeneous for M. and 

• there is a model A of cpK. such that P^ has cardinality k. 

If{4>K, Pk) characterize k homogeneously and M, P are as above, we write {A4, P{A4)) j= 
Pk)- Denote the set of all homogeneously characterizable cardinals by 'HC'Huji,uj- 
Obviously, 'HC'Huji,lj C C'Huji,uj, but the inverse inclusion fails since Hq £ CHlji.u \ 

ncn^,^^ (cf w' 

Theorem 2.3. If k E T-LCI-Li^-^.i^, then k is characterized by a dense linear ordering. 

Proof. Let (0, P) witness the fact that k G HCHuji ,uj and y\4 be a countable model 
such that {M,P{M)) [= (0, P)- Extend the language of (j), to include a new 

binary symbol < and consider the new sentence 0' which is the conjunction of 
together with the sentence 

< is a dense linear order on P{Ad) without endpoints. 

Now, let TWi, A^2 be two countable models of 0'. Since the reducts of M.i,M.2 
on the language of 4> both satisfy 0, they must be isomorphic. Call i such an 
isomorphism between A^i and Ai2 and let / be any bijection that maps the elements 
of P{M.i) to the elements of P(A^2)- Then o / is a permutaion of P{M.i) and 
by the homogeneity of P, it extends to an automorphism of A^i, say j. Then i o j 
is a £(0)- isomorphism between Mi and M2 and ioj agrees with / on P{M.i). In 
other words, there is an C{(j))- isomorphism between M.i and M.2 that extends any 
bijection / between P{Mi) and P{M.2)- By the usual back-and-forth argument 
there is a bijection / between (P(A^i), <) and (P(A^2), <) that preserves < and 
by extending this / we get an isomorphism betwenn A^i and JV[2 that preserves 
both C{4>) and <. □ 

Notes:(l) The assumption k £ 'HC'Huji,lj is too strong, since by theorem 12 . 1 71 and 
corollarv l2.18I Kn is characterizable by a linear order, while Hp ^ 'HC'Huji,uj- (2) The 
models of </>' embed any dense linear ordering without endpoints of size up to k. 
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In [3 Hjorth proves that every k+ is characterized by a dense hnear ordering, 
for aU K e C-Huj.M 

Theorem 2.4. (Hjorth) If k E CTii^-^^i^, then at least one of the following is the 
case: 

(1) K+ e HCHu.,,u. or, 

(2) there is a countable model M. in a language that contains a unary predicate 
P and a binary predicate < whose Scott sentence <j)M 

(a) has no models of cardinality k++ and 

(b) 4>M has a model M where (P^, <^) is a dense linear ordering with- 
out endpoints, it has size , and every initial segment of this linear 
ordering has size k. 

Cases 1 and 2 need not be exclusive the one to the other, but in either case we 
get 

Corollary 2.5. //kg CT-Lu>i,u>, then there is a countable dense linear ordering 
whose Scott sentence 

(1) does not have any models in cardinality k"*""*", but 

(2) does have a model which is a dense linear ordering with an increasing se- 
quence of size . 

Proof. By theorems!^ and [Ql □ 

Using theorem 12.41 we can also conclude that 

Corollary 2.6. // Ka G Cl-tuji.u, then Ha+^j is characterized by a dense linear 
ordering, for all (3 < uji. 

In particular, G C'Hu>i,lj is characterized by a dense linear ordering, for all 
countable ordinals /3. 

The importance of characterizing cardinals by linear ordering is emphasized by 
the next theorem. It is theorem 35 from [5] 

Theorem 2.7. Let <f> be a complete sentence such that 

(1) For every model Ai of (f>, <^ is a linear order. 

(2) (p does not have any models of cardinality A"*" . 

(3) has a model M. with an <^- increasing sequence of size A. 
Then 2^ is characterizable. 

Next we describe briefly a Fraisse-type construction which we are going to use. 

df 2.8. Let A be a structure that contains A4 and if Aq C A, then let < Aq > be 
the substructure of A that is generated by Aq . We call finitely generated over AA 
the substructures of A that have the form < > UA^, where Aq is a finite subset 
of A\A4. We write finitely generated/A4 . 

If Bq =< Aq > UA^, Bi =< A\ > UM are finitely generated/M. substructures 
of A, we write Bq C Bi and we say that Bq is a substructure of Bi , if the same is 
true (in the usual sense) for < Aq > and < Ai >. 



Hjorth is actually proving the result for ft = Kq and a countable, but his proof generalizes 
(cf. [2], proof of theorem 5.1). 



4 



lOANNIS SOULDATOS 



It is straightforward to extend the above definition in the case were we have 
finitely many Mo, . . . , Mn- 

Fraisse's theorem hold even for "finitely generated/A^" substructures (For a 
proof of Fraisse's theorem one can consult f3^). 

Theorem 2.9. (Fraisse) Fix a countable model M. and let K{A4) be a countable 
collection of finitely generated/A4 substructures (up to isomorphism). If K{Ai) 
has the Hereditary Property (HP), the Joint Embedding Property (JEP) and the 
Amalgamation Property (AP), then there is a countable structure J- which we will 
call the Fraisse limit of K{A4), such that 

(1) J- is unique up to isomorphism and contains A4, 

(2) K{A4) is the collection of all finitely generated/A4 substructures of J- (up 
to isomorphism), and 

(3) every isomorphism between finitely generated/Ai substructures of J- extends 
to an automorphism of J- . 

The converse is also true, i.e. if T is a countable structure such that every iso- 
morphism between finitely generated/ M. substructures of T extends to an automor- 
phism of T , and K(Ai) is the collection of all finitely generated/M substructures 
of F, then K{M) has the HP, the JEP and the AP. 

Theorem 2.10. (Fraisse) Fix a model A4. Assume that A,B are two structures 
(not necessarily countable) that contain M. and such that 

• for every finitely generated/M. substructures C C D of A (or of B), and 
every embedding f : C ^ A (f : C ^ B), there is an embedding g : D t-^ A 
(g : D 1-^ B) that extends f , and 

• the collection of all finitely generated/M substructures of A is the same as 
the collection of all finitely generated/M substructures ofB. 

Then A and B are back- and- forth equivalent, or A =cx3,w B. 

In the cases we will work with JEP follows from AP. We now give a slightly 
different version of the above theorem that will be more fitting to work with 

Theorem 2.11. Fix a countable model M. If K(M) is a countable collection of 
finitely generated/M substructures (up to isomorphism) and K{M) has the HP, 
the JEP and the AP, then there is a unique (up to isomorphism) countable .structure 
T that contains M and satisfies the conjunction of 

(I) : Every finitely generated/M substructure of J- is in K{M). 

(II) : For every Aq finitely generated/M substructure of J-, if there exists 
some Ai £ K{M) .such that Ai D Aq, then there exists some finitely 
generated/M substructure B <Z J- and an isomorphism i : B ^ Ai, such 
that Aq a B and i\^g = id. 

Moreover, if there is some C^j-^^uj sentence ip .such that A e K(^M) iff A \= ip (as it 
will the case in our example), then the conjunction of (I) and (II) can be written 
as a Ci^-^^i^- sentence which is equivalent to the the Scott sentence of J- and hence, 
it is complete. 

Proof. Existence follows from theorem l2.9l If J^i and 7^2 are both countable struc- 
tures that contain M and satisfy (/) and (//), then a standard back- and- forth 
argument establishes the isomorphism of J-i and J-2 . □ 
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Notation: In case we want to indicate wtiich class we are talking about, we will 
write {I)k{m) and {II)k(m)- 

Corollary 2.12. If M is countable and M' = M, then YmiK{M') = VmiK{M). 

Theorem 12.111 can be extended even in the case which M. and K{M) have car- 
dinality K > Hq. The existence of J- in this case follows from the same diagonal 
argument as in the countable case, but the uniqueness of the Fraisse limit fails. 
However, all models of (I)k{m) and (II)k(M) will be =tjj _tj-equivalent to each 
other (by theorem l2.10p . So, we get the following 

Theorem 2.13. Let be an Hu)^.^) sentece. Assume that M. is a countable model 
with Scott sentence (j) and J\f is a model of ip (possibly uncountable) and let K{A4) 
be the collection of all finitely generated/M substructures that satisfy ip and let 
K{J\f) be the collection of all finitely generated/M substructures that also satisfy ■0. 
Moreover, assume that K{A4) and K{J\f) both have the HP, the JEP and the AP. 
Then any model of {I)i^(^j\f^ and {II)k(M) ^•s =oa,u)- equivalent to YmYK{A4). 

Proof. By theorem I2.11[ \iuYK{Ai) exists and it is unique, and by the comments 
above, K{J\f) has a limit which satisfies {I)k{M) and {II)k(N')i but this limit may 
not be unique. 

Since M. and M satisfy the same Scott sentence (j), they are back-and-forth (or 
=oo,u-) equivalent. For this it follows that for any substructure A £ K{M) there 
is an substructure B G K{J\f) such that A and B are back-and-forth equivalent, 
and vice versa. Using (/) and (//), for both K{M.) and K{M), we can estabhsh a 
back-and-forth equivalence for the Fraisse limits and this finishes the proof. □ 

This proves that any Fraisse limit of A' (TV) satisfies the Scott sentence oilvm K {J\A) . 
If is a countable model whose Scott sentence cj) characterizes a certain cardinal 
K, we will use the Scott sentence of \\mK{M) to characterize some cardinal \> k. 
In order to construct a Fraisse limit of KiN) we will use 

Theorem 2.14. Assume that M is a countable model whose Scott sentence (j) 
characterizes an infinite cardinal k, J\f is a model of <j) of cardinality < k, K{Ai) 
and K{J\f) are as above and X > k. Moreover, assume that: 

(1) If A is a finitely generated/J\f structure, then there are < A many (non- 
isomorphic) structures in K(J\f) that extend A, and 

(2) If Q is a structure such that 

C G, |0 \ A/"! < A, G satisfies {I)k(N') 
and for any Ao, Ai are finitely generated/J\f structures with 

Ao C 0, Ai D Ao and Ai G K{J\f), 

then there is another structure G' that extends G and 

\G'\f^\ < A, G' satisfies {I)Ki^) 

and there is some finitely generated/J\f structure B <Z G' and an iso- 
morphism i : B = Ai, with A^ <Z B and i\Aa — id. 

Under the assumptions 1 and 2, we conclude that there is a structure G* with 
M G G* , \G*\ = A and G* satisfies {I)k{j^} and {II)k(jV)- Then G* also satisfies 
the Scott sentence of lim. K {A4) . 
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Proof. Wc construct Q* hy a. diagonal argument. If Qa is the structure at step a 
and Ga\J^ has size < A, then by assumption 1, there are < A many structures in 
K{N) that extend some finitely generated/A/" substructure of Q^- Using the second 
assumption we can ensure that we include a copy of each one of them into some 
Gp, for /3 > a. □ 

The following is theorem 27 from [5] 

Theorem 2.15. //A £ CHu,,,^, then A" e UCUu,,,^- 

Theorem 2.16. If n is a cardinal in T-LCHuji.uj cind P is a unary predicate in a 
countable language C, then there such that if M \^ X then 

No < \P{M)\ < n. 

Moreover, if AA is a countable C- model with \P{M)\ — Hq and 

cnc{x) = P, 

where C{x) is the language of x, then there is a countable CiJC{x)- model A4' that 
extends Ai and A4' satisfies x- 

If M is a countable model isomorphic to Ai and J\f' and Ai' are the C U C{x)- 
extensions of M and Ai respectively that satisfy X; then Ai with the additional 
C U C{x)- structure that inherits from Ai' and J\f with the C U C{x)- structure that 
inherits from J\f' are isomorphic. I.e. the structure that is added on Ai by Ai' is 
unique (up to isomorphism). 

We will say that x witnesses the fact that \P{-)\ < k can be expressed in C^j^^uj. 

Proof. Let M.q be a countable model with a homogeneous predicate P(A^o) that 
witnesses that k G "HCHui.lj- Let (j) be the Scott sentence of AIq and let M(-) be a 
unary predicate not in C^(j)). Then take x to be the conjunction of: 

(1) Af(-) and P{-) are disjoint, 

(2) P(-) is infinite, 

(3) M(-) UP(-) h , and 

(4) P(-) is the homogeneous predicate of Af(-) U P(-) (cf. definition 12.21) . 
Since M(-) together with P{-) satisfy (p, this restricts the size of P(-) to at most 

K. 

If y\4 is a countable model as in the assumption, then let Ai' — Ai L) {Aio \ 
P{Mo)) and require that (A^o \ PiA4o)) U P{M) \= (f). Since P is a homogeneous 
predicate, any permutation of P{A[) extends to an automorphism of the whole 
{Mq \ P(A^o)) U P{M) structure and the result follows. □ 

Note: The above proof relies heavily on the homogeneity of P. If this assump- 
tion is taken away it is possible for two different extensions [Aio \ P{Aio)) L)P{Ai) 
not to be isomorphic. 

The following theorem is from [4 . The interested reader should look there for 
more details. 

Theorem 2.17. (Landraitis) Let (Ai, <, Pi)ii=uj be a countable linear ordering, Pi 
be a unary predicate for all i, and (j)M be the Scott sentence of Ai. Then: 

(1) (f'M does not have any uncountable models iff every orbit of AA is scattered, 
and 

(2) (/)_A4 has a model of any cardinality iff Ai has a self-additive interval, and 
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(3) if neither case (1) nor case (2) happens, then (pM has models in all cardi- 
nalities < 2^°, but no model in any cardinality above 2^°. 

All three cases do occur. 

Corollary 2.18. There is a countable linear ordering (M, <,Pi)ieu which charac- 
terizes Ho, i.e. the Scott sentence of A4 has no uncountable models. 

With the above theorem Landraitis gives a complete characterization of all infi- 
nite cardinals characterized by linear orderings, but he works under the assumption 
that the language contains only unary predicate symbols. Our results do not use 
this restriction. 

3. Dense linear orderings 

In this section we provide some background definitions and theorems about dense 
linear orderings that we will use later. Most of the material here follows 1 . The 
reader who is familiar with it can skip to the next section. 

df 3.1. For infinite cardinals k, < X, let D{k,,X) iff there is a linear ordering of 
size A with a dense set of size k and we let D{k, A, fi) iff there is a there is a linear 
ordering of size X, character fi (see definition \3.2\ below for that) and with a dense 
set of size k. 
Let 

Ded{K) = sup{A|D(k, A) holds} 

and 

Ded{K,fi) = sup{A|_D(k, A, /i) holds}. 

df 3.2. For a linear order (M, <) and some m G M , the left character of m is the 
least cardinal k such that there is a cofinal function from k to {n\n < m}, and the 
right character of m is the least k such that there is a coinitial function from k to 
{n\n > m}. 

The character of m denoted x('^) '■s the least of the left and right character. 
The character of (M, <) denoted x{M, <) is the least of the cardinals {x{rn)\m e 
M}. If (Af, <) is a dense linear ordering, then x(-^^i <) will always be infinite. 

df 3.3. // {M, <) is linear order and {L, U) is a partition of M with the property 

yi e Liu G C/, X < y, 

then {L,U) is called a Dedekind cut. // neither L has a supremum, nor U an 
infimum, then the cut is also called a gap. 

df 3.4. A linear ordering (M, <) is complete if for every non-empty Mq C M that 
has an upper bound, Mq has a least upper bound. 

The dense linear ordering {M, -<) is a completion of the dense linear ordering 
{M, <) if M contains M, -< is an extension of < and M is dense in M , in the sense 
that for every x,y G M with x < y, there is some m € M such that x < m < y. 

The completion of a linear order is unique up to isomorphism and it is easy 
to see that x(^^: <) — x(-^^>^)- We can redefine D{k,X) (and D{n,X,^)) using 
completions: 

• D{k, A) holds iff there is a linear order of size k whose completion has size 
> A and 
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• D{k, a, /i) holds iff there is a hnear order of size k and character fi whose 
completion has size > A. 

The following theorems are from [T]: 

Theorem 3.5. Let fi < k < X and /i is regular. 

(a) D{K,X,fj,) holds iff there is a tree of height /i and cardinality < k with at 
least A branches of length /i. 

(b) D{k,X) holds iff there is a tree of height < k and cardinality < k with at 
least X branches. 

(c) Assume that X ~ sup^^^ A^. Then 

\fa < K D{k, Xa, n) => D{k,X,^) 
Va < K D{fi,Xa) => D{k,X) 

Theorem 3.6. Let jj, < n < X and k < k' and A' < A. Then 

D{k,X,^) ^ D{k' , X' , ^) and 
D{k,X) =^ D{k\X') 

Theorem 3.7. Let k, A be infinite cardinals. 

• If iJ, is the least cardinal such that k < X^, then D(k, X^^ ,cf{ii)) holds. 

• If D(k, X, fj,) holds, then X < k'^ . 

Corollary 3.8. If fi is a regular cardinal and fi is the least such that > n, then 
Ded{fi, ^) — K^^. 

To the best of our knowledge the following questions are open: 

Open Question 1. Assume that k is in CTLuii^ui- Does it follow that k is also 
characterized by the Scott sentence of a dense linear ordering? 

Assume that (j) characterizes k. Extend the language of (j) to Ci by including < 
and assume that the conjunction of (j) and "< is a dense linear ordering" has more 
than Nq" many non-isomorphic countable models. Does it follow that one of them 
characterizes k ? 

Open Question 2. Assume that (p is the Scott sentence of a dense linear ordering 
that characterizes k. Can we find another dense linear ordering with Scott sentence 
ip such that 

• Tp characterizes k and 

• Tp has a model with an increasing sequence of size k ? 

If the answer is positive, what if we require that ip has a model with cofinality k ? 

Open Question 3. Similarly as above, if fi < n, can we find some tjj such that 

• ip characterizes k and 

• ip has a model of size k and character fi ? 

4. Powers of the form k^^ 
The main theorem in this section is 
Theorem 4.1. If k is a cardinal in CTLuji.lj, then G CT-Lui.u- 
We will prove a simingly weaker form of the theorem first 
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Theorem 4.2. If k is a cardinal in CT-iLOi,u and Hi is the least cardinal such that 
K < , then e CHuji,ui- 

Before we depart in proving this theorem we make some comments: 

• The assumption that Hi is the least cardinal such that k < k^^ , is not as 
restrictive as it seems. If k < = k^^, then k^^ is in CHuii^ui by theorem 
12.151 If K < K^" < , then we can apply theorem l4.2l to and conclude 
again that ^ CT~Luji^uj ■ So, theorem 14.21 suffices to prove theorem 14. II 

• If K S CHlj^.lj and Hi is the least cardinal such that k < k^^, then k = 
and by theorem 12.151 k £ 'HC%^^^^. We will make use of this fact in the 
proof. Also, by the same theorem is also in 'HC'Huii,uj- 

• There is nothing special about Hi. If A is a cardinal that is characterized 
by a dense linear ordering and A is the least such that k < k^, then we will 
prove in the next section that G CHuii ■ 

The first goal is to construct a linear order whose character is carefully controlled. 
In particular, we will require that it stays bounded by Hi. Notice that the size of 
the linear order will not be bounded at this point. 

The idea behind the construction is to try to mimic the behavior of the lexico- 
graphic order defined on k"^ . For x ^ y £ k"^ let / be the function that maps 
{x,y) to the least ordinal a G uji such that x(a) ^ y(a). Then we can define the 
lexicographic order: 

X <iy iS x{a) < y {a), for a = /(a;, y). 

Under this definition, for three distinct elements x,y, z € k'^^ with x <iy <iz, we can 
have only three possibilities 

(1) Either f{x, y) = /(x, z) = f{y, z), or 

(2) fix, y) = fix, z) < fiy, z), or 

(3) fix,z)^fiy,z)<fix,y). 

This property is the one that drives the whole construction. 

By theorem 12.51 there is a linear order (M, <) that characterizes Hi and let (f> 
its Scott sentence. Let C be the language that extendes the language of cj) and 
contains the unary predicate symbols V, M, N, the binary predicate <s, the binary 
function symbol / and let KiAi) be the collection of all countable C- structures A 
that satisfies the conjunction of: 

(1) ViA) U MiA) is a partition of the space. ViA) is finite, while MiA) is 
infinite and MiA) = M. 

(2) <i is a linear order on ViA), not to be confused with < the linear order on 
MiA)=M. 

(3) For every x,y e ViA), x^y, fix,y) = fiy,x) e MiA). 

(4) If a; < y < z are three distinct elements of ViA), then one of the three is the 
case: 

4(a) fix, y) = fix, z) = fiy, z), or 
4(b) fix, y) = fix, z) < fiy, z), or 
4(c) fix,z) = fiy,z) < fix,y). 

(5) For all x E A, Nix) implies that x G ViA). For some x € ViA), we will say 
that it is 1-colored if Nix), and we will say that it is 0-colored otherwise. 

Before we proceed we need some work. We start by the following observation on 
property (4). 
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Observation 4.3. (a) Property (4) can be formulated equivalently as: 
Ifx<y<z, then f{x,z) = uiin{f{x,y),f{y,z)}. 
In many cases we will use this equivalent formulation. 

(h) If f{x,y) = f{x,z) < f{y,z), then the only way to violate (4) is if either 
y<x<z, or z<x<y. 

df 4.4. IfAG K{M), x,y G V{A) and m e M{A), define x-^rnH iff 

X = y or f{x, y) > m. 

Lemma 4.5. is an equivalence relation and if mi < m2, then ~to2 a refine- 
ment of r^rni ■ 

Proof. Transitivity is the only one that needs some work. Assume x ~m y and 
y ~m z. Then f{x,y) > m and f{y,z) > m. Since the triplet x,y,z satisfies 
property (4), f{x,z) can not be less than both f{x,y) and f{y,z) and the result 
follows. 

If mi < m2 and x V, then x = y or f{x,y) > m2 > toi. □ 
We will denote by [x]^ the equivalence class of x under 

Lemma 4.6. If A G K{M), x,y,y' € V{A), x y and y' ~m y, then 

x<\y iffx<y'. 

Proof. Since ~m is an equivalence relation x y' and it suffices to prove that 
x<sy implies x<\y'. Assume otherwise, i.e. y' <ix<\y. By property (4), f{y,y') 
is equal to at least one of the f{x,y) and f{y',x). Since y' ~m y, f{y,y') > m. 
Combining these two we conclude that either f{x,y) > m or f{y',x) > m, which 
means that x y ov x u' ■ Contradiction. □ 

df 4.7. If x.y e V{A), we write [x]m < [y]m, if for some (all) x' G [x]m and some 
y' G [y]m, x' <\y'. 

In view of the above lemma, the definition is well-defined and it makes the set 
of all equivalence classes {[a;]m|a; G ^(-4,)} into a linearly ordered set. The linear 
order of V{A) and the linear order on the set {[a;]TO|a; € V'(^)} are not the same, 
but the one arises naturally from the other, so we will use <l for both of them. 

Now we are ready to prove the following 

Lemma 4.8. K{M) has the HP, the JEP and the AP. 

Proof. HP is immediate and JEP follows from AP. 

For AP, let A,B,C & K{M) and AciB,C. We keep iV(-) as it is on B and C. 

All the work is to extend < and / appropriately, so that B U C becomes a structure 
in K{M). For all that follows fix some h G V{B) \ V{A). Let 

Too = max{/(a, 6)|a G V{A)], 

Ao = {aGF(^)|/(a,6)=mo}, 

L = {a €: Ao\a <ib} and I = supL, 

U = {a e |6 < a} and u = inf U. 
Notice that L ot U maybe empty, but at least one of them is not empty. If L for 
instance, is empty, then let / = — oo and if U is empty, then u = oo. If both L, U 
are not empty, then f{l,u) = mo- 
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Case 1. li I ^ —oo and c G V{C) with [c]mo < [l]mo or [c]m„ ~ [^]mo, then define 

/(6,c)=min{/(/,c),/G,6)} 

and 

c<ib. 

If ^ <i c and f{l,c) < mo, then let 

/(5,c) = /a,c) 

and 

6 < c. 

Case 2. If u cx) we work similarly. In particular, if [u]mo o [c]mo or [c]ma — Mmoj 
then define 

f{b, c) = min{/(u, c), /(u, 6)} 

and 

6<ic. 

If c o u and /(u, c) < mo, then let 

/(6,c) = /(u,c) 

and 

c<ib. 

Note: If both / ^ —oo and u ^ oo, then there is some overlap between 
case 1 and case 2. We will prove that the definitions agree in this case (see 
claim [J). 

Case 3. The only elements of V{C) that were not considered in the above two cases 
are the c S V{C) such that /(c, I) = mo and/or /(c, u) = mo, and I <ic<iu. 
Let Co be the set of all these c's. If Cq = 0, we are done, otherwise we have 
to do some more work: 

Split Co (arbitrarily) into two disjoint sets D, E such that D U E — Cq 
and for all d G D and for all e G rfoe. Notice that we allow the possibility 
that one of the D, E is empty. Define d<ib<\e, for all d G I? and for all e G i?. 
Let do = sup I? and eo — iniE. If both da,eo exist, choose one of them 
arbitrarily, say do, and choose some mi > f{do,eo) and let /(6, c?o) = '^^i 
and for all other c G Co, let f{b, c) = min{/(6, do), f{c, do)}. If only one of 
do, Co exist, say do, then choose some arbitrary mi > mo, let /(6, do) = "^i 
and for all other c G Co, again let f{b, c) = min{/(6, do), /(c, do)}. 
First we verify that the above definition is well-defined. 

Claim 1. Ifl^ — oo and u ^ oo, then cases (1) and (2) of the above definition do 
not contradict each other. 

Proof. Notice that cases 1 and 2 overlap for all the c's such that f{l,c) < mo or 
f{u,c) < mo. If f{l,c) < mo, then f{u,c) = f{l,c) < mo = f(l,u). By observation 
14. 3[ either c < I < u, or I <i u < c. Consider the first case and the second is dealt 
with symmetrically. If c<il, then [c]mo <i Wmo ^iid case 1 of the definition gives 
f{b, c) — min{/(^, c),f{l, b)} — min{/(Z, c), mo}} = f{l, c) and c<b. For the same 
c, case 2 of the definition gives f{b,c) = f{u,c) and c<ib. Since f{u,c) = f{l,c), 
the two definitions completely agree. □ 
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Next we have to verify that B U C under the above definition satisfies property 
(4). The proof sphts into many cases given by corresponding claims. We deal only 
with the case that I ^ —oo. We can prove similar claims for the case that u ^ oo, 
but are quite similar and we leave the details to the reader. So, for all the following 
claims assume that I ^ —oo. 

Claim 2. If cq,ci G Cq, then /(co,ci) > mo. 

Proof. Assume co<ici. Then l<iCQ<\ci and f{l,CQ) — /(Z,ci) = mo. So, by property 
(4), mo = fil, Co) - f{l, ci) < /(co, ci). □ 

Claim 3. If c G V{C) are such that f{l, c) < mo, then f(b, c) — f{l, c) and c<ll iff 
c<ib. 

Proof. If ^ < c, then the result is immediate by case 1. If c< Z, then [c]mo o [^]mo ^-nd 
case 1 again gives c<6 and f{b, c) = min{/(Z, c), f{l, b)} = min{/(Z, c), mo} = /(Z, c), 
which concludes the proof. □ 

Claim 4. //co, ci G V{C) is such that f{l, cq), f{l, ci) < mo, then the triplet 6, co, ci 
satisfies property (4). 

Proof. By claim[31 q) = /(Z, q) and q < Z iff q < 6, for z = 0, 1. Then property 
(4) for b, Co, ci follows from the corresponding property for Z, co, ci. □ 

Claim 5. //co,ci G V(C) are smc/i that /(Lco) < mo < /(Z,ci), f/ien t/ie triplet 
6, co,ci satisfies property (4). 

Proof. By claim[31 co) = /(Z, co) < mo and either co<il<ib or Z<6<co. Since mo < 
/(Z,ci), it is [ci]mo = [l]jno and by case 1, ci<6and /(6,ci) = min{/(Z, ci), /(Z, 6)} = 
mo- If Co < Z < 6, then co < ci <i 6. Otherwise, it would be ci <i co <i Z and by observation 
14.31 mo < /(/,ci) = min{/(Z, Co), /(co, ci)} < /(Z,co) < mo. Contradiction. Thus, 
in either case co is the minimum or the maximum of the three elements 6, Co, ci. It 
suffices to prove f{l,co) — /(co,ci), because then co) — /(Z,co) = /(co,ci) < 
iTT-o = f{b, ci) and we have property (4). 

If co<ici<Z<i6 or Z<ici<i6<ico, then by observation l4.3[ f{l, cq) = min{/(/, ci), /(co, ci)} = 
/(co, ci), since f{l,ci) > tuq > f{l,co). If co<iZ <ci <6 or ci <Z<i5<ico, then, by obser- 
vation [431 again, /(co,ci) = min{/(Z, Co), /(Z, ci)} = /(Z,co) and we are done. □ 

Claim 6. //co,ci G V{C) are such that tuq < f{l,co),f{l,ci), then the triplet 
fe, co,ci satisfies property (4). 

Proof. Without loss of generality assume that co < ci. By assumption [cQ]mp = 
Wmo = [ci]m„ and by case 1, l<co<ci<ib and f{b, cq) = f{b, ci) = min{/(?, b), f{l, cq)} = 
min{/(Z, b), f{l, cq)} — ruQ. It suffices to prove that mo < /(co, ci). By observation 
14.31 f{l,ci) ~ min{/(Z, Co), /(co, ci)} and by assumption, both /(Z, cq), /(Z, ci) are 
greater than mo. So, it must also be that /(co,ci) > niQ. □ 

Claim 7. //co,Ci G Cq, then the triplet &, cq,ci satisfies property (4). 

Proof. Without loss of generality assume that co < c\ and 

/(&, Co) = min{/(6, dQ),f{cQ, do)} 

and 

f{b, ci) = min{/(6, do), /(ci, do)}. 
The proof splits into 3 cases: 
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(1) co,ci G I?. Then co<ici<(io<i6. By observation l4?3l f(cn.dn) = min{/(co, ci), /(ci, do)}- 
If /(co,do) = /(ci,do) < /(co,ci), then /(&, cq) = ci) < /(co,do) < 
/(co,ci) and property (4) is satisfied. If /(co,do) = /(co,ci) < /(ci,do), 

then either f{b, cq) = f{b, a) = f{b, do) < /(cq, do) = /(cq, ci), or /(&, cq) = 
/(cojdo) = /(co,ci) < /(&, do). In the latter case, since also /(co,ci) < 
/(ci,do), we conclude /(6,co) = /(co,ci) < niin{/(6, do), /(ci, ^o)} = 
/(&, ci) and thus, in both cases property (4) is satisfied. 

(2) Cq G D and ci G E'. Then co < do < 6 < eo < ci and by observation 14.31 
/(ci,do) = min{/(do,eo),/(ci,eo)} < /(do,eo) < mi = /(6,do). By 
definition /(6,ci) = min{/(6, do), /(ci, do)} = /(ci,do). By observation 
|01 again, /(co,ci) = niin{/(co, do), /(ci, do)}. If /(co,ci) = /(ci,do) < 
/(co,do), then /(co,ci) = /(ci,do) = /(&, ci) < /(6,do), which implies 
/(co,ci) = /(&, ci) < min{/(co,do),/(6, do)} = f{b,co) by definition and 
gives property (4). If /(co,ci) = /(co,do) < /(ci,do), then /(co,do) < 
f{ci,do) < /(&, do). By definition cq) = min{/(&, do), /(cq, do)} = 
/(cojdo) = /(co,ci) < /(cijdo) and again property (4) is satisfied. 

(3) Co, ci G E'. Then dp <i & <i cq < ci. As in the previous case, we can prove 
that f{b,Ci) — /{cijdo), i = 0,1. Since do < cq <3 ci, by observation 14.31 
/(ci,do) = min{/(co,ci),/(co,do)}. So, either /(&, ci) = /(ci,do) 
/(co,ci) < /(co,do) = /(fo, Co), or /(6, ci) = /(ci,do) = /(co,do) = 
/(&, Co) < /(co,ci), and in both cases property (4) is satisfied. 

□ 

Claim 8. //co,ci G 1^(C) and f{l,co) = f{l,ci) = mo, then the triplet 6,co,ci 
satisfies property (4) . 

Proof. Without loss of generality assume that co < ci . If cq , ci G Co , then the result 
is from the previous claim. Otherwise, we have to consider two cases: 

(1) Assume that co <i / < ci, i.e. ci G Co, while cq ^ Co. Then co ol <ib and 
by observation 14. 3[ /(6,co) = min{/(/, cq), /(&, /)} — '^o- By definition, 
/(&, ci) = min{/(6, do), /(ci, do)} and by definition again /(&, do) = mi > 
fidoyCo) > mo, while by claim [21 /(ci,do) > mo. So, f{b,ci) > mo- 
By observation 14.31 for co<i^<ci, /(co,ci) = min{/(Z, co), /(/, ci)} ~ mo. 
Overall, f{b, cq) = /(cq, ci) = mo < f(b, ci) and we have property (4). 

(2) Assume that cq <\ ci <il <ib, i.e. both co, ci ^ Co. Then [ci]mQ < [l]mo and by 
definition Ci) — min{/(Z, Ci), f{l, b)} — mo, for both i = 0, 1. By obser- 
vatioin|43l toq = /(co,0 = min{/(co, ci), /(ci, 0} < /(co,ci). Combining 
all these, co) — /(6, ci) = mo < /(co,Ci) which gives property (4). 

□ 

Claim 9. If co,ci G V{C) and f{l,co) < tuq — f{l,ci), then the triplet 6, co,ci 
satisfies property (4). 

Proof. Without loss of generality assume that cq < I (the other case is handled 
similarly). We split into two cases: 

(1) ci ^ Co. Then co < ci < /. Otherwise, it would be ci < co < I and by 
observation |43l mo = /(ci,?) = min{/(co, 0, /(ci, co)} < /(/,co) < mo. 
Contradiction. 
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So, co<ici<L By definition, f{b, cq) = niin{/(Z, 6), /(/, cq)} = min{mo, f{l, 
f{l,co) < mo- A similar argument proves that f{b,ci) — niQ and obser- 
vation for Co ci <i / implies f{l,co) = min{/(Z, ci), /(cq, ci)}, while 
f{l,co)<mo = f{l,ci). So, it must be /(/,co) = /(co,ci) < /(?,ci). Com- 
bining all these, /(&, cq) = /(^,co) = /(co,ci) < toq = fib,ci) and we are 
done. 

(2) ci e Co. Then co <: / <: ci and /(6,co) = min{/(&, /),/(/, co)} = /(/,co), 
while /(6,ci) = min{/(fe, do), /(ci, do)}. By claim [21 f{ci,do) must be 
greater or equal to mp and by definition again f{b,do) > f{do,eo) > mo, 
which combined gives f(b,ci) > juq. Observation 14.31 for cq <sl <ci gives 
/(co,ci) = min{/(/,co),/(Z,ci)} = /(/,co) = /(&,co) < mo < /(6, ci) and 
this concludes the claim. 

□ 

Claim 10. If co,ci £ V{C) and /(Z,co) = mo < f{l,ci), then the triplet 6,co,ci 
satisfies property (4) . 

Proof. Since /(Z,ci) > mo, ci ~„io ^ and [ciJ^q = and by definition ci<b 

and f{b,ci) = min{/(/, ci), 6)} = min{/(Z, ci), mo} = too- By property (4) for 
Co, I, ci, /(co, ci) = /(/, Co) = Too < /(/, ci). 

If Co<iZ<&, then by definition, /(&, cq) = min{/(/, cq), /(Z, 6)} = mo and co) = 
/(co, ci) = /(fo, ci) = Too and we have the result. If I < co, then either co G Cq, or 
otherwise u ^ oo and u<iCo. If co £ Co, then f{b,co) = min{/(6, do); /(co, do)} 
and both f(b,do),f{co,do) are > toq. Therefore, /(&, cq) > mo and /(co,ci) = 
™o — f{i>,ci) < Co), which gives property (4). If u ^ oo and w <i cq, then 
by definition co) = min{/(u, co), /(&, w)} — mo and then, f{b,co) — mo — 
f{b, ci) = /(co, ci), which concludes the proof of the claim. □ 

The above claims prove that BUC satisfies property (4) in all cases and the proof 
of the lemma is also concluded. □ 

Note: The proof of the above lemma would have been simpler, if we had defined 
/ and <i differently on Co. An easy example is to let b<c, for all c G Co. The reason 
we went through all this work is because in the proof of theorem 14.131 we will need 
a similar construction, namely we will need to make a Dcdckind cut on Cq and 
place b appropriately in the cut. The details of the proof of theorem 14.131 follow 
closely the proof we just did and we will omit it as it tends to be very repetitive. 
The interested reader should be able to fill in all the details following the example 
of the proof above. 

Now, by theorem 12.111 there is a Fraisse limit of K{Ai), call it J- and let (pjr be 
its Scott sentence. By the same theorem we know that the (pjr is equivalent to the 
conjunction of {I)k{m) ^-nd {II)k(m) ^-nd the following lemma gives us another 
equivalence. 

Lemma 4.9. If 4>F is the Scott sentence of the Fraisse limit of K{M), then is 
equivalent to the conjunction of the following: 

{I)k(M) (cf- theorem \2.11]) 
(1*) for all X £ V{J-) and for all to £ M{T), there exist zi, Z2 such that zi<sx<sz2, 
f{x,zi) — f{x,Z2) — m and we can require zi,Z2 to be 0-, or 1- colored 
(not necessarily the same). In particular, < restricted to the subset that 
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contains the 0- colored (respectively the 1- colored) elements ofV{J-) is a 

linear ordering without endpoints. 
(2*) for all X <iy ^ ^(-^) ^'^'^ for all m > f{x, y), m G M{J-), there exist some 

zi, zi such that x<\zi,Z2<y, f{x, zi) = m and /(j/, Z2) = m and again, we 

can require zi,Z2 to be 0-, or 1- colored. 
Also note that zi is not required to be different than zi, although in most cases they 
will be different. 

Proof. By theoreni l2.111 (j)jr is equivalent to the conjunction of {I)k(m) ^^'^ {H)k{m) 
So we have to prove that {I)k{m) and {II)k(m) ^'^e equivalent to the conjunction 
of {I)k{m) and (1*) and (2*). 

The direction {I)k{m) ^{II)k{m) — ^ {I) k{m) ^{^*) ^i"^*) is immediate, because 
ii X <y e V{J^), the structure generated by x, y is in K{M.) and then we can use 
(II)j^(^j^) to extend this structure to a structure that contains the desired zi, Z2 for 
both (1*) and (2*). 

The direction {I)k(m) ^ (1*) ^ (2*) {I)k(m) ^ {II)k(m] needs some more 
work. Assume that ^0 is a finitely generated/7W substructure of T and Ax D Ao 
with Ai £ K{M). We need to find a finitely generated/ substructure J"i of J" 
with Aq C J- 1 and some isomorphism i : T\ = A\ with = id. We work by 
induction on n = |A \ AI = WkM) \ 

If n = 0, the result is obvious and it suffices to prove the result for n = 1. Let 
V'(^i) = y(A)U{a} and we will find some element z e J- such that Ai = yloU{2:}. 
If a <i ao, or oq < a, for all ao G V{Aa), we can find this z using (1*). Otherwise 
let oo be the maximum element in V{Aq) such that ao < a and oi be the minimum 
element in V{Aq) such that a <i ai, and we can find the desired z using (2*) on the 
tuple ao, ai. □ 

Before we prove anything else we prove the following 

Theorem 4.10. If Q is a model of (j}jr, then {V{Q),<) is a linear order with char- 
acterx{V{g),<i)^cf{Mig),<). 

Proof. Since M{Q) is a model of (j), it has size < Hi and the same is true for its 
cofinality. Without loss of generality we will assume that cf{M{Q), <) = Hi. Fix a 
cofinal sequence {nia G AI{g)\a < lui} of length Hi. It is not hard to see that 

(4.1) J- h Va e Vm e 36 e ^(J") (6 < a A /(a, b) = to) 

Therefore, the same sentence is true for Q. 

Fix some a G V{Q). For every a G Ki, find some b^ < a given by (|4.1I) . such 
that f(a,ba) — to^. Then the sequence {ba\a < Hi) is cofinal in {c|c <i a}. If 
c < a and f{a,c) = m, there is some a such that m < to^. Then f(ba+i,c) = 
min{f{a,c),f(a,ba+i)} = to, which implies that c<6q,+i. So, the character of 
V{Q) is at most Hi. 

On the other hand, if {cn)nei^ is an <i- increasing countable sequence, such that 

Co < ci <i . . . < a, 

then by observation /(c„,a) = min{/(c„+i, a), /(c„, c„+i)} < /(c„+i,a). 
Therefore the sequence (/(c„,a)|n G uj) increasing and by the assumption on the 
cofinality of {M{Q), <), this sequence can not be cofinal. Hence, it is bounded above 
and we can find as above some a G Hi such that c„ < 6^, for all n. Then ba is an 
upperbound of {cn))nGuj and (c„)„g(^ can not be cofinal in {c G y(5)|c < a}, which 
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proves that the left character of (any) a G V{Q) is equal to Ni. We can repeat the 
proof for the right character being equal to Hi and this concludes the proof of the 
theorem. □ 

Lemma 4.11. If Q is a model that satisfies {I)k{m) ^'^^ ^ ^ ^{Q) f^nd Y C V[Q) 
are such that for all y £ Y , y <i x and for all m £ M{Q) there exists y £ Y such 
that f{x, y) > m, then x is the supremum of Y . 

Quite symmetrically, if x <iy, for all y € Y , and for all m G M{Q) there exists 
some y such that f{x,y) > m, then x is the infimum ofY. 

Proof. Towards contradiction, assume there is some z such that for all y £ Y, 
y <s z <ix and let m = f(x, z). By assumption find some y (z Y such that f{x, y) > 
m. Then the triplet x,y, z contradicts property (4) of Ki^M) since y < z <i x and 
fiy,x) >m = f{x,z). 

For the second part, the proof is symmetrical. □ 

df 4.12. Assume Q is a structure that satisfies {I)k(m) '^'^'^ {D^E) is a Dedekind 
cut, i.e. a partition ofV{Q) such that d<ie, for all d £ D and for all e G E. If there 
exists some d £ D such that the set {f{d,e)\e G E} is cofinal in {f{d',e)\d' G 
D,e G E} and the set {f{d,d')\d' G D,d<id'} is coinitial in {m G M.\m > 
f{d',e) for all d' £ D,e £ E} and the set {f{d',e)\d' £ D,e £ E} does not have 
a .supremum (equivalently, the set {m £ Ai\m > f{d', e) for all d' £ D,e £ E} does 
not have an infimum), then we will call (D,E) an irremovable gap. 

Symmetrically, if there exists some e £ E .such that the set {f{d, e)\d £ D} is cofi- 
nal in {/(d, e')\d £ D,e' £ E} and the set {/(e, e')|e' G E, e'oe} is coinitial in {m £ 
M\m> f{d', e) for all d' £ D,e £ E} and the set {f{d, e')]d £ D,e' £ E} does not 
have a .supremum (equivalently, the set {ni £ Ad\m > f{d', e) for all d' £ D,e £ E} 
does not have an infimum), then {D,E) is an irremovable gap. 

If {D, E) consists of a gap on V{Q) that is not irremovable, we will call it a 
removable gap. 

If {D,E) is an irremovable gap, it follows that neither supZ? exists nor inf E', 
and moreover, we can not extend V{Q) by adding an element b such that for all 
d £ D and for all e G E, d <b < e. The reason for that is that if d witnesses the 
fact that {D,E) is irremovable, then by observation 14. 3[ f{b,d) has to be smaller 
or equal than all the elements of the set {f{d, d')\d' £ D, d<id'} and bigger or equal 
to all the elements of the set {f{d, e)|e G E}, which by tbe assumptions above can 
not happen. 

Also notice that the sets 

Ml ^ {m £ M\m < f{d', e) for some d' £ D,e £ E} 

and 

A'h = {m£M\m> f{d', e) for all d' £D,e£E} 

consist of a Dedekind cut on [M, <). If neither Mi has a supremum nor M2 
an infimum, then the cut is a gap and this gap gives rise to irremovable gaps on 
iy{Q),<i) (one for every element of V{Q)). Therefore, if (A^, <) is a complete 
order, then there are no irremovable gaps on (y(^),<i). Otherwise the number of 
irremovable gaps is bounded by 11^(5)1 times the number of gaps on {M., <). If the 
character of [M., <) is < Hi = |7W|, then the number of gaps on (A^, <) is 
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Theorem 4.13. Assume Q is a structure that satisfies {I)k(m)j \Q\M^\ < (md 
{D,E) is a removable gap on V{Q). Also assume that Ao d G, Ai = Ao U {b'} 
and Ai is a structure in K(M). Then there exists another structure Q' which 
extends Q, Q' satisfies {I)k(m)j \Q' ^ '^j there exists some element b G G' 

such that d <ib <i c, for all d ^ D and all e £ E, and there exists an isomorphism 
i : AqU {b} = Ai, with i\j[g = id. 

We will say that Q' removes that gap {D,E) by adding b' . 

ProoJ. As in lemma 14.81 let d^ = sup D and eg — inf E and notice that dp i may 
not exist. We distinguish the following cases: 

• do exists and there is some m G M{Q) such that for all e e £', /(do: e) < m. 

Then choose some arbitrary mi > mp, let do) = ^^ii and for all other 
c e Co, let f{b,c) = min{/(6,do),/(c,do)}. 

• Symmetrically, if Cq exists and there is some m £ M{Q) such that for all 
d € D, /(eo,d) < TO, then choose some arbitrary toi > toq, let eo) = 
TOi and /(&, c) — min{/(6, eo), /(c, eo)}, for all other c G Co- 

• If both do, eo exist, then choose one of them arbitrarily, say do, and choose 
some mi > /(do, eo) and let do) = mi and c) = min{/(6, do), /(c, do)}, 
for all other c € Cq. 

These first three cases are similar to the ones we encountered in the proof 
of Amalgamation. The next ones are new: 

• do exists and for all to G M{Q) there exists e G -E, /(do, e) > m. 

Then by lemma 14.111 dn is the infinium of E and in this case {D,E) is 
not a gap. 

• Symmetrically, if eo exists and for all m G M{Q) there exists d £ D, 
/(eo, c?) > TO, then cq is the supremum of D and again (D, i^) is not a gap. 

• If for every d G D the set {/(d, e)|e G E} is not cofinal in {/(d',e)|d' G 
D,e G E}, then for every d there exists some d' E D and e' E E such that 
for every e & E, f{d, e) < /(d', e'). In this case define /(&, d) = /(d, d'). 

Similarly, if for every e G E the set {/(d, e)|d G D} is not cofinal in 
{/(d, e')|d G £>, e' G i?}, then there exists some e' € E and some d' <E D 
such that for every d E D, f{d, e) < /(d', e'). Define /(6, e) = /(e, e'). 

• If there exists some d E D such that the set {f{d,e)\e G E} is cofinal in 
{/(d',e)|d' E D,e E E} and there exists some s E A4 greater than all 
/(d', e), d' E D, e E E and smaller than ah /(d, d'), d' E D, d< d', then let 
/(6, d) = s and for every other c G Co, let f{b, c) = min{/(6, d),f{c, d)}. 

• Symmetrically, if there exists some e E E such that the set {/(d, e)|d G D} 
is cofinal in {/(d, e')|d E D,e' E E} and there exists some s greater than 
all /(d, e'), d E D, e' E E and smaller than all /(e, e'), e' E E, e' < e, then 
let /(&, e) — s and for every other c G Co, let /(6, c) = min{/(&, e), /(c, e)}. 

In all these cases we have to prove that / was defined in such a way that Q' — QU{b} 
also satisfies {I)k{m)- The details of the proof follow the proof of lemma l4?8l and 
are left to the reader. □ 

Theorem 4.14. Let Ai be a model of (f> of cardinality Hi. Then for every linear 
ordering {L,<) that has cardinality \L\ — k, > Hi, there is some model Q* of 
cardinality k, that satisfies (pjr, M{Q*) = and there exists a one-to-one function 
F :L^ V{g*) such that 

x<y iff F{x)<F{y) 
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and 

for all X £ L, F{x) is 0- colored. 

In other words, every linear ordering of size > Ki can be embedded into a model of 
4>jr of the same cardinality. 

Proof. Let G be the C- structure such that {V{G),<i) = {L, <) and for every x,y € 
V{G), x,y are both 0- colored and f{x,y) = m, for some fixed m e M{G). It is 
immediate that this G satisfies {I)k{m) ^'^d have to extend G to a, structure 
G* that satisfies both {I)k{m) ''^^'^ {H)k(m)- Since for any finitely generated/A^ 
substructure of G there are Ki < k many structures in K{M.) that extend it, we 
can use theorem 12 . 141 and theorem 14. 131 to find the desired G* ■ Q 

Corollary 4.15. For every infinite cardinal Hi, there is a model of (pjr that has size 

K. 

Theorem 4.16. Let G be a model of (j)jr and V{G) the <- completion of V{G). 
Then there is some model G such that 

• If U is the set of irremovable gaps of V{G) (cf. definition \4-.12\ l, then 
V{G) = ViG)\U, 

• for all X £ V{G) \ V{G), x is 1-colored, i.e. no new 0-colored elements are 
introduced, 

• the function f^ restricted on G ^ G agrees with the function f^ and 

• ^ h 0^- 

The model G we will call the completion of G- 

In particular, if \G\ = k > 2^^, then the completion of G has cardinality equal to 

\V{G)\- 

Proof. Since G satisfies by theorem 14.91 G satisfies {I)k{m) ^^d (1*) and (2*). 
Since (1*) and (2*) are density requirements and V{G) is dense in V{G), G satisfies 
(1*) and (2*) too. So, it remains to show that G satisfies {I)k{m) ^^id this follows 
from theorem 14.131 We remove all the removable gaps, one at a time, by applying 
theorem 14. 131 and we make sure that all the elements we add are 1- colored. 

If K > 2^1, then there exist at most k • < k • 2^^ = k many irremovable 
gaps (see comments after definition I4.12p . where /j, is the character of {M.. <) and 

< Hi, and the result follows. □ 

Theorem 4.17. If k E CH^-^^^^ and Hi is the least cardinal such that k^^ > k, then 

Proof. If K < 2^^ , then n^^ — 2^^ and the result follows from theorem 12.71 and 
corollaries 12.51 and 12.61 So assume that k > 2^^. By the assumption on k and by 
theorem 12.151 we can assume that k e 'HC'Huji.uj- Let ^ be the conjunction of (f)jr 
together with the sentence that expresses the fact that the set of the 0- colored 
elements oiV{-) has cardinality < k. Since k S T-LCH^^^^ we can express this fact 
by a sentence in C^^^ by theorem 12.161 

By theorem 14. 141 (f)jr has a model G* that embeds the linear ordering k^^^ into 
the set of the 0- colored elements. By assumption k^^^ — k and we can assume 
that G* also has cardinality k. From this it follows that G* is also a model of 
tp. By theorem 14.161 there is a model G* of cardinality equal to the cardinality of 
|k<^i| = that introduces no new 0- colored elements. Therefore, G* is also 
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a model of ijj. Since by theorem 14.101 any model of ip (and has character 
< Hi, and any model of ip has a dense subset of cardinality < k (the set of the 
0-colored elements), by theorem 13.71 there is no model of V' of cardinality > k^^ 
which concludes the proof. □ 

Theorem 4.18. If k e C'Hu,,,u>, then k^^ e CU^^^u,- 

Proof. If ~ , the result follows from 12.151 Otherwise use the previous 
theorem for . □ 

5. Powers of the form 

There is nothing particular about Hi that can not be generalized to any un- 
countable cardinal A that is characterized by a dense linear ordering. The proofs of 
the following theorems follow from the proof of the corresponding theorems in the 
previous section by replacing Hi with A. Thus we have the following: 

Let {M, <) be a countable dense linear ordering that characterizes A and K{M) 
be defined as above (see theorem 14. 2 p . Then K{M) has the HP, the JEP and the 
AP and there exists a Fraisse limit for K{Ai) which we will call F and let be 
its Scott sentence. 

Theorem 5.1. If Q is a model of then (T^(t/),<) is a dense linear ordering 
with character x{V{Q),<) ^ cf{M{g),<). 

Since the character of {M{Q), <) is bounded by |Af(C7)| < A, the set of gaps on 
{M{Q), <) will have size at most 2^. If A is a singular cardinal, then x(^(0)7^) = 
cf{M{Q),<) < A and we may get strict inequality. 

Theorem 5.2. If X and (pjr are as above, then for every linear ordering (i, <) with 
cardinality \L\ = k > X, there exists some model Q* of (j)jr of cardinality k and a 
one-to-one function F : L ^ Q* such that 

x<y iffF{x)<F{y) 

and 

for all X £ L, F{x) is 0- colored. 
In other words, every linear ordering of size > X can be embedded into a model 
of (j)jr of the same cardinality. 

If 5 is a model of (pjr of size k, then the set of irremovable gaps on V{Q) has size 

Theorem 5.3. If Q is a model of (j)jr of cardinality k > 2^, then there is a model 
of (j) of cardinality equal to \V{Q)\. 

Theorem 5.4. Assume that k > 2^ is a characterizable cardinal, X is a cardinal 
characterizable by a dense linear ordering and A is the least cardinal .such that 
> K. Then G CHuji,lj- 

Observe here that we allow the possibility that A is countable. In this case the 
result follows from theorem 12.151 In the case that k < 2'*', the characterizability 
of = 2^ follows from theorem 12. 7[ but we require the extra assumption that 
there exists a model with an increasing sequence of size A. If A is a successor of a 
characterizable cardinal (as it is in the case of Hi), such a sequence is guaranteed 
by corollary 12.51 but in the general case this question is open (see Open Question 
[2]). So, we have 



20 



lOANNIS SOULDATOS 



Theorem 5.5. // and k " are both in C'Hloi,^, then e Cnuj^.,uj, for all 

countable ordinals /?. 

Proof. By induction on 13. If — 2^°'+f, then use corollary 12.51 and theorem 

12.71 Otherwise, use corollarv l2.6l and theorem 15.41 □ 

Corollary 5.6. If k G CH^ji^uj, then e C7iuji,ui, for all countable ordinals a. 

Theorem 5.7. Assume that k > 2^° is a characterizable cardinal, Kq is a cardinal 
characterizable by a dense linear ordering and Kq is the least cardinal such that 
K^" > K. Then K^f is in CHuji^ui, for all /3 < a + oJi. 

Proof. By theorems 15.51 and 15.41 □ 
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